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A hypcrgraph H = ( ~,; g) is called an inler,, d hypergraph if there exists a one-try-one functio,~ [ 
mapping the elements of V h:~ points on the real line such that for each edge E, there is an 
interval !, containing the images of all elements of E, but not the images of any elements not in 
E,. The difference hypergraph D(H)  determined by H is formed bv adding t:~ ~ all nonempty 
sets of the form E, - E,. where E, and E, are edges of H H is said to be a D-interval hypergraph 
if D(H)  is an interval hypergraph. A forbidden subhypergraph characterization f D-interval 
hypergraphs i given. By relating D-interval hypergraphs to dimension theory for posets, ~ve 
determine all 3-irreducible 7~osets of length one. 
1. Introduction 
We begin with some elementary definitions involving hypergraphs and posets. 
We refer the reader to Birl~ hoff [2] for any order-reiated terrninology not defined in 
this paper and to Berge [~] for basic concegts involving hypergraphs. 
A hy0ergraph H=(V,~) is a finite s,~:t V together with a finite family 
= {E, ~ i &__ I} of nonempty subsets of V such that the union of the E,'s is V. The 
elements of V are called vertices, and the sets in ~ are called; edges. If the edges are 
all distinct, the hypergraph is said to be simple. 
Let v be a vertex of a hypergraph H = (V, ~'). The verte::~ set of the hypergraph 
H-  v is the set V -  v, and the edges of H -  v are all ntmerapty sets of the form 
E0 - v, whe?e E, ~ ~'. If E, is an edge of H, then H - E, is the hypergraph with the 
subfamily ~' - E, as edges and with U (g' - E,) as vertex set. A subhypergr.:ph of
H is a hypergraph which can be obtained from H by the removal of a (possibly 
empty) collection of vertices and/or edges. 
Let X be a set and let ~< be a binary relation on X which is reflexive, 
antisymmetric, ar, d transitive. Then <~ is called a partial order on X, and the pair 
(X, ~< ) is called a partially ordered set or poset. A subposet of (X, ~< ) is a subset of 
X with the partial order in0uced by <~. Occasionally we abuse notation and call X 
the poser. All posers considered in this paper wili be finite. 
*This work represents a porti<,n of the author's dt~torai ~iss,~rtation written at the Univ,~:rs~t) ,,f 
South Carolina under the Sul.n.rxision of Professor W.T. Trot:er. 
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A partial order <~ ola X is a linear order if for any two elemeuts x and v of X, 
either x <~ y or y ~ x. If ~< is a linear order on X, then the pair (X, <~) is called a 
chain. The length of a chain of n elements is n - 1, and the length of a poset is the 
length of the longest chain which it contains. 
We will use the standard interval notation when referring to a poset X. For 
example, if x <~ y, then [x, y] will denote the closed interval {z ~ X Ix <~ z <<- y}, 
and ( - ~, y) will denote the open ray {,r ~ X I z < y }. 
Throughout this paper we will represent hypergraphs and posers by their 
diagrams. Also, we will not distinguish between isomorphic structures. 
2. Interval hypergraphs 
A hypergraph H = (V, ~) is called a>,a interval hypergraph if there exists a 
one-to-~nc !t~nction f ,~iappilag the elemcmts of V to points on the real line such 
that for each edge E, there is an interval 1, containing the images of all elements of 
E, but riot the images of any elements not in E,. Equivalently, H is an interval 
hypergraph if there exists a linear order <~; on V such that each edge E, is a closed 
interval with respect o <~. Any linear order satisfying this property will be called a 
representation for H. A hypergraph which is not an interval hypergraph is called a 
non-interval hypergraph. 
E swaran [4] has studied interval hypergraphs (although he did not use this 
iern',inology) as an apF, lication in the area of information retrieval. He obtained an 
algorithrn to determine whether or not a given hypergraph is an interval hyper- 
gral?h. 
E, verv subhypergraF, h of an interval hypergraph is itself an interval hypergraph. 
Thus it is possible to give: a forbidden subhypergraph characterization of intei~,;~! 
hypergraphs; that is, t'~iere exists a collection ~ of non-interv~.,l hypergraphs such 
that a hypergraph H is an interval hypergraph if and only if H does not contain any 
of the h)pergraphs in ~ as a subhypergraph. We will, of course, want ~ to be the 
smallest possible collection of hypergraphs which satisfies this property. 
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Fig. 1 Forbidden subhypergraphs for interval hypergraphs. 
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Lekkerkerker and Bolan,:t [5] have given a forbidden (vertex-induced) subgraph 
characterization of interval graphs, and Trotter used their work to obtain the 
following result. (See Theorems 2 and 3 of [61.) 
Theorem 2.1. A hypergraph H is an interval hypergraph ijr and only if H does not 
contain any of the hypergraphs in Fig. 1 as a subhypergraph. 
3. D-Interval hypergcaphs 
The difference hypergraph D(H)  determined by a hyp<:rgraph H = (Iv'. ~') is 
formed by adding to ~ all nonempty sets of the form E, - E,, where E, and E, are 
edges of H. We say that H is a D-inter,,ai hypergraph if D(H)  is an interval 
hypergraph; otherwise H is a non-D-interval hypergraph. It is easy to see thai H is 
a D-interval hypergraph if and only if there exists a representation -~ for H such 
that whenever/7, and E i are edges of H with E, a sui,set of 17.,, the closed intervals 
corresponding to E, and 17., share a common endpoint. We s,;ek a forbidden 
subhypergraph characterization of D-interval hypergraphs. 
None of the hypergraphs in Fig. 1 are D-interval hypergraphs; however, several 
of them contain proper subhypergraphs which also are not D-interval hypergraphs. 
For example, the hypergraphs M., M: . . . .  in Fig. 1 all contain the hypergraph A~ in 
Fig. 2 as a subhypergraph, and A~ is a non-D-interval hypergraph. 'Thus M:, M~ . . . .  
need not be listed in a forbidden subhypergraph characterizati~m of D-inter~,al 
hypergraphs. 
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Fig. 2. Forbidden subhypergraphs for D-interval hypergraphs. 
A vertex v of a hypergraph H is called a redundant vertex it there exists a vnrtcx 
u of H dislinct from v such that for each edge E, of t-L v E E. if and only if u E E,. 
Let H'  be the simple subhypergraph obtained from H by removing dupli~:ated 
edges and redundant vertices. Then H is a D-interval hypergraph if and only if H'  
is a D-interval hypergraph. Thus our forbidden subhypergraphsiwili a l be simple 
and without redundant vertices 
Theorem 3,1. A hypergraph H is a D-interval hypergraph if and only if H does not 
contain any o[ the hypergraphs in Fig. 2 as a subhypergraph. 
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Proof. It is straightforward (although tedious) to check that none of the hyper- 
graphs in Fig. 2 are D-interval hypergraphs. Thus, if H contains one of them as a 
subhypergraph, then H is not a D-interval hypergraph. 
Now assume that H = (V, ~) is a non-D-interval hypergraph with no subhyper- 
graph appvaring in Fig. 2. We can assume without loss of generality ~hat H is simple 
and without redundant vertices. Further we can assume that H is an interval 
hypergraph, for otherwise H contains one of the hypergraphs in Fig. l, and each 
hypergraph in Fig. 1 has a subhypergraph in Fig. 2. 
Thus there exists a representation for H, but for any representation we can lind 
edges E, and E~ t~f H with E. C E! such that the closed intervals corresponding to E, 
and E, do not share a common endpoint. Among all representations for H, choose 
a linear order <~ which minimizes the cardinality of the set W(~<) = 
{E,, E,)i E,, E, ~E ~, E, C E,, E l -  E, is not an interval of ~< }. Among all ordered 
pairs (E,, E,) in W(<~ ) for which the cardinality of the first edge is as small as 
possible, choose one such pair (E,,E,) which ~inimizes the cardinality of the 
.second edge. We make observations concerning our choice of E,, E,, and ~.  
(a) There exist vertices x and y in V-E ,  such that [x ,y ]CE~. (x ,y )= E,. 
(b) E, contains only one vertex, say E, = {b}, and Ix, y] = {x, b, y}. This observa- 
tion requires proof. Suppose a and b are distinct vertices of E,. Since H contains no 
redundant vertices, there is an edge EE in H which contains one of a or b but not 
both. By the minimal condition on E,, EE is not a subset of E,. Thus E~ contains a 
vertex not in E, and H conl:ains A2 as a subhypergraph. 
(c) If there is an edge EE in H which contains b and a vertex not in E,, thea Ek 
contains all of E,. Otherwise H contains A~. 
(d) There do not exist two edges E, and E, in H such that E, apd E, intersect 
E,. E, C_ ( - ~, ~ ], E, C [y. ~). Otherwise H contains A,. 
Since H has no redundant vertices, there exists an edge Ek such that E,, contains 
one of x or y but not both. We assume y ~ Ek, x ti~ Ek. Thus Ek C [b, :~). Consider 
two cases. 
Case i. There e~;ists uch an edge Ek with b • Ek. Then by (c) we can assume 
E~ C E,. Let E~,, Ek. . . . . .  E,,, be all such edges with E, C E~, C. • • C E~, C E,. We 
observe ~hat any edge of H which contains b and x must contain EE, as a proper 
subset for all ,. Otherwise H contains A,. Also, any edge of H which is a subset of 
{y. ~) does not inter~,zct /:k, for any i. Otherwise H contains A,. 
As a result of the.~,e observations, any edge in ~-  {Ek,. Ek~ . . . . .  Ek,, E,} which 
intersects one of the Ek,'s must contain all of the Ek,'s. B~ ~he minimal coqdition on 
Ihe cardiaalit' of E,, we can say that any edge of H which intersec~.s one of the E~,'s 
and contains x must contain E~ as a subset. We consider two subcases. 
Subcase (i): there exists an edge E~ of H such that E, ~ E, ~ ~ and the vertices in 
Eo arc larger (with respect to the representation ~)  than the. vertices in Ek,. 
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Then E, C [y, ~), so by (d) there does not exist an edge E,, with F,,, n F~-  ~ and 
E,. C ~ - ~:, x ]. We ali er the representation ~ as follows: let the vertices i1~ E, - Ek, 
be larger tha,1 the vertices in E~,. Thus b becomes the commtm left endpoint for Ihe 
intej'vals corresponding to E,, Ek, . . . .  , Ek,, and E,, and so we produce a new 
representation ~ '  for H with the cardinality of W(~' )  less zhan the cardinality of 
W(~< ), a contradiction to the original choice of a representation. 
Subcase (ii): there does not exist such an edge E,. In~ this ca~,e we alter the 
representation <~ as follows: let b be the largest vertex of /::'~,, and for i = 
1,2 . . . .  , t - 1, let the vertices in Ek, be larger than the vertices ir~ Ek.. , -  Ek,. Thus b 
becomes the common right endpoint for the intervals corresponding to 
E,, Ek, . . . .  , EE,, E,, and again we produce a new representation <~' for H with the 
cardinali~y of W(<~') less than the cardinalit~ of W(~< ). a contradiction. 
Case ii. We assu~,ne that Case I does not occur. Then there exists an edge Ek such 
that EE C_[y,~). with y E Ek. By (d~ there does not exist an edge E, with 
E,, n E ,~ 0 and E, _C ( -  ~, x]. There may, however, exist an edge E, such that 
b E E, and E, ~ ( - ~:, b]. If no such edge exists, then we can alter our representa- 
tion by making b the smallest element of A,, and thus . e contradict he fact that 
W( ~< ) has minimal cardinality. If such an edge exists, then by (c) we can assume 
E,, C E~. Let E,,, E.. . . . . .  E,. be all such edges, and assume E, C E,, C E,,. . . . . .  E,,, C 
Us. 
We alter <~ as follows: let b the smallest vertex in E.,,. and for t = 1,2 . . . . .  t - I, 
let the vertices of E,, be sm~,ller than the vertices of E .... , -  E.,. Let the vertices of 
E., be smaller than the vertices of E , -  E,,,. This new linear order ~<' is again a 
representation for H, and now b is the common left endpoint of the intervals 
corresponding to E,,E. , .  E,. . . . . .  E.,. and E~. Ag~,in we coniradict the minimal 
condition on the cardinality of W(~< ). 
Since both cases lead to contradictions, v e conclude that the result must be true. 
4. Hypergraphs and posets 
An isolated element of a poset X is an element which is incomparable with ever,,' 
other element. Let X be a poset of length one and without isolated elements. We 
can partition X into the set V of maximal elements and the set U of minimal 
elements. For an element u of U, h~.t E,, be the set {v E V lu  <~ u}. We associate 
with X ~he h)pexgraph H(X)  whos~ vertex set is V and whose :dges are the sets 
E,, where u aS U. Clearly every hypergraph is of the t orm H(X)  for some po~ct X 
of length one and without isolated elements. Moreoter,  this correspondence 
between posers and hypergraphs i one-to-one. 
Let g' = {Ej, E.. . . . . .  E ,}  denote the family of edges of a hypergraph H = (V. ~), 
and le: V = {v~, v.., .... v.}. The dual H d of H is the hypergraph whose vertices are 
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points e,. e2 . . . .  , e,,, (that respectively represent E,. E,. . . . . .  E,. ) and whose edges are 
sets V,. V. . . . . .  V, (that respectively represent v~, v: . . . . .  v,,). where, for all j, 
V, ~ {e, i v, ~ E, }. The dual <~'~ of a partial order ~< is defined by x <,ty if and only 
if y ~< x. We abuse notation and write X d when referring to the poset (X, ~<'~). 
Using this notation we have H(X)  ~ = H(X  ~) for a poset X of length one and 
without isolated elements.. 
Let ~, and ~,  be partial orders on a set X such that for all elements x and y of 
X'. x<~ y implie:~ x <~2 y "r'hen <~., is called an extension of ~ .  If ~ ,  is a linear order, 
~hen ~<, is called a linear extension of ~ .  Dushnik and Miller [3] defined the 
dimension of a poser (X, ~)  to be the minimum number of linear extensions 
~,, ~:  . . . . .  ~,, of '~ such that whenever x and y are elements of X, x ~< y if and 
,rely if x~,y  for each i. We denote the dimension of a posset X by dim(X).  
We note !hal the removal of an isolated element from a poset does not lower the 
Jimension, except possibly from two to one in the case of a 2-element antichain, if 
X is any poser, we let X denote the subposet obtained by removing isolated 
:,lements. 
'l'ht~Jre~n 4.1. Let X be a poser of length one. Then d im(X)~ < 2 i[ and only if 
H IX  ) is a D-interval h~pergraph. 
Proof. Assume that dim (X)~< 2, and let <~: and ~:2 be two linear orders on X such 
that for element.~ x and y of X, x <~ y if and only if x~ y and x~<..y. Then the 
restriction of ~-:, Io the maximal elements V of X .... is the dual of the restriction of 
• ~to  V since any two elements of V are incomparable in X. It now follows that the 
restriction of <~, to V is a representation for H(X ) which shows that H(X ) is a 
D-interval hypergraph. 
Now assume that H(X)  is a D-interval hypergraph. Let ~< be a representation 
f~r H(X )such that whenever E, and E, are edges with E, a subset of Ej, the closed 
intervals corresponding to E, and E, share a common endpoint. It is straightfor- 
~'ard to extend <~ and ~<'~ to linear orders ~, and ~., on X which show that 
d im(X)~ 2. 
Since d im(X"  i~ = d im(X)  for any poset X, the L~llowihg corollary is immediate 
fr~m l 'heorem 3. 
Corollary 4.2. .4 hvpergraph H is a D-interval h vpergraph il t and only if its dual is 
a D-interval hypergruph. 
l he,,rem 2 also provides a forbidden subposet characterization of length one 
p,~sets with dimension less than three. 
Corollary 4.3. Let X be a poset o[ length one. Ttlen d im(X)~2 if and only i[ 
netther X nor X ~ contains one o[ the posers in Fig. 3 as a subposet. 
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Fig. 3.3-irreducible i'~oset~, of length one. 
The posers in Fig. 3 have labels which correspond to the hypergraphs in Fig. 2. 
Posets corresponding t(~ A ,, A,, and A,  are not shown since A ,= M",. A~ :: A 2," 
and A ~ = A" -t. 
A poset X is said to be n-irreducible if d im(X) : :  r;. but d im(X  -- x )< n for any 
element x of X. Evidently the 3-irreducible posets pro~,ide a forbidden subpo:ct 
characterization ft3r dimension less than 3. Thus Fig. 3 lists (up to duality) all 
3-irreducible posets of length one. 
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